A NEW RESULT FOR SECOND ORDER BSDES 
WITH QUADRATIC GROWTH AND ITS APPLICATIONS 
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Abstract. In this paper, we study a class of second order backward stochastic 
differential equations (2BSDEs) with quadratic growth in coefficients. We first es- 
tablish solvability for such 2BSDEs and then give their applications to robust utility 
maximization problems. 



1. Introduction 

Typically, nonlinear backward stochastic differential equations (BSDEs) are defined on 
a Wiener probability space (ft, T, P) and of the following type: 

(1.1) Ft ^ + / 9( s > Ys > Z ^ ds ~ J Z s dB s , 0<t<T, 

where B is a Brownian motion, T is the P-augmented natural filtration generated by 
B, g is a nonlinear generator, T is the terminal time and £ 6 Tt is the terminal value. 
A solution to BSDE is a couple of processes (Y, Z) adapted to the filtration T . 

Under a Lipschitz condition on the generator g, Pardoux and Peng |19) first provided the 
wellposedness of (jTTTJ) . Since then, the theory of nonlinear BSDEs has been extensively 
studied in the past twenty years. Among all the contributions, we only quote the results 
which is highly related to our present work. 

A weaker assumption on the generator is that g has a quadratic growth in z. This kind 
of BSDEs with bounded terminal value condition was first examined by Kobylanski 
|13) . who used a weak convergence technique borrowed from PDE literatures to prove 
the existence and also obtained the uniqueness result under some additional condition 
on g. With the help of contraction mapping principle, Tevzadze [35] re-considered this 
type of BSDEs when the terminal value £ is small enough in norm. The advantage of 
the method adopted by Tevzadze is its applicability to not only one-dimensional 
quadratic BSDEs but also to multidimensional ones. Particularly, the restriction on £ 
can be loosen when g satisfies some restrictive condition on regularity. Briand and Hu 
[TJ [2] extended the existence result for to the case that £ is not uniformly bounded 
and provided the uniqueness result when g is convex. Besides, Morlais [TB] considered 
some similar type of BSDEs driven by continuous martingales. 

Motivated by expected utility theory, Peng 20] defined a so-called ^-expectation E 9 [£] := 
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Yq on JFt via nonlinear BSDEs with Lipschitz generator. Also, a conditional expectation 
can be consistently denned: £ 9 [£\J~t] '■— Yt> under which the solution Y of the BSDE with 
the generator g is a g-martingale. As the counterparts in the classical framework under 
a linear expectation, Peng [21] gave the notion of g-supermartingle (g-submart ingle) 
and established the nonlinear Doob-Meyer type decomposition theorem. Subsequently, 
Chen and Peng [3] proved the downcrossing inequality for (/-martingales. For the case 
that g is allowed to have a quadratic growth in z, similar results can be found in Ma 
and Yao [H] ■ 

Recently, Soner et al. [26] established a framework of "quasi-sure" stochastic analysis 
under a non-dominated class of probability measures. This provided a new approach for 
Soner et al. [Ml Hi] to re-consider the wellposedness of second order BSDEs (2BSDEs) 
introduced by Cheridito et al. [4 ]. The key idea in Soner et al. [35J is to reinforce 
a condition that the following 2BSDE holds true 'Pi/-quasi-surely, i.e., P-a.s. for all 
P G Vh, which is a class of mutually singular probability measures (cf. Definition 12. 1|) : 



Under a uniformly Lipschitz condition on the generator F, Soner et al. 2"> provided a 
complete wellposedness result for the 2BSDE (jl.2l) . In this pioneering work, a represen- 
tation theorem of the solution Y is established and thus, the uniqueness is a straight- 
forward corollary. For the existence, a process Y is pathwisely constructed and verified 
as a i^-supermartingale under each P G Vh- Applying the nonlinear Doob-Meyer de- 
composition theorem, the right-hand side of (|1.2|) comes out, where if is a (family of) 
non-decreasing process(es) that satisfies the minimum condition (cf. Definition 12.111) . 
Moreover, both Cheridito et al. [I] and Soner et al. [3SJ explained the connection be- 
tween the Markov 2BSDEs and a large class of fully nonlinear PDEs, which was one of 
the motivations initiate this 2BSDEs topic. 

Meanwhile, Peng [22] [23] independently introduced another framework (so-called G- 
framework) of a time consistent nonlinear expectation Eg[-], in which a new type of 
Brownian motion was constructed and the related Ito type stochastic calculus was es- 
tablished. By explicit constructions, Denis et al. [5j showed that G-expectation is in 
fact an upper expectation related to a non-dominated family Vg that consists of some 
probability measures similar to the elements in Vh- In this regards, the G- framework 
is highly related to the 2BSDE one. Adopted the idea in Denis and Martini [7 , Denis 
et al. [5 defined a Choquet capacity G(-) on (fi,B(0)) as follows: 



and then they gave the the notion of "quasi-surely" in a standard capacity-related vo- 
cabulary: a property holds true quasi-surely if and only if it holds outside a polar set, 
i.e., outside a set A C that satisfies C(A) = 0. We notice that this notion is a lit- 
tle bit stronger than the corresponding one in the 2BSDE framework, so that it yields 
another type of "quasi-sure" stochastic analysis. In this G-framework, Hu et al. [TU] 
have worked on nonlinear BSDEs driven by G-brownian motion (GBSDEs), which is of 
the same form as (11.21) but holds in the stronger "quasi-sure" sense. In that paper, the 
solution is an aggregated triple (Y,Z,K) which quasi-surely solves (jl.2|) . where —K is 



(1.2) 




C(A) := sup F(A), A c 6(0), 



rev a 
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a decreasing G-martingale that comes from the G-martingale decomposition. To ensure 
that (|1.2[) is well defined in G-framework, an additional condition to the Lipschitz one 
is imposed on the regularity of the generator (cf. (HI) in Hu et al. [HI])- This cost is 
intelligible since the definition of G-stochastic integrals is under a stronger norm induced 
by Ec?[-] and it makes the space of admissible integrands smaller than the classical one. 

Following the works of Soner et al. [231 123 US], Possamai and Zhou [TS] generalized 
the existence and uniqueness results for the 2BSDE whose generator has a quadratic 
growth. Based on the previous one of Tevzadze [28] for quadratic BSDEs, this work 
requires some additional condition, either on the terminal value or on the regularity of 
the generator. Our aim of the present paper is to remove these conditions, that is, to 
redo the job of Possamai and Zhou [T8] under some weaker assumptions of the type 
similar to that in Kobylanski [T3] and Morlais [TB] . 

In the classical framework, the quadratic BSDE is a powerful technique to deal with the 
utility maximization problems. El Karoui and Rouge [8] computed the value function 
of an exponential utility maximization problem when the strategies are confined to a 
convex cone, and they found that its dual problem is related to a quadratic BSDE. In 
contrast to this, Hu et al. [9] and Morlais [IS] directly treated the primal problem rather 
than the dual one and obtained an similar result without the convex condition on the 
constrain set. The value function was characterized by also a solution of a quadratic 
BSDE. 

Corresponding to thses works above, Matoussi et al. [T5] found that a robust utility 
maximization problem with non-dominated models can be solved via the 2BSDE tech- 
nique. This kind of problem was first consider by Denis and Kervarec under a weakly 
compact class of probability measures. Just because of this weakly compact assumption, 
one can find a least favorable probability in this class and work under this probability to 
find an optimal strategy similarly to how we solve the classical problem under a single 
probability. With the help of 2BSDEs, Matoussi et al. [T5] solved this problem globally 
and characterized the value function by using a solution of a 2BSDE. This method does 
not require that the class is weakly compact. However, the result in Matoussi et al. 
[15] has some limitations: for example, when the utility function is exponential, they 
are able to solve only the case that £ is small enough or the border of the constraint 
domain satisfies an extra regularity condition. This limitations is derived from the the- 
ory of quadratic 2BSDEs in Possamai and Zhou [15] ■ Since we shall remove these extra 
conditions adopted by Possamai and Zhou [18) . we can have a better result on solving 
this robust utility maximization problem. 

This paper is organized as follows: Section 2 includes preliminaries for 2BSDEs theory. 
Section 3 introduce a priori estimates, a representation theorem and the uniqueness re- 
sult for 2BSDEs with quadratic growth. Section 4 studies the existence of solutions while 
Section 5 is the applications of quadratic 2BSDEs to robust maximization problems. 

2. Preliminaries 

The aim of this section is to list some basic definitions for 2BSDEs introduced by Soner 
et al. 124, 255 26] and Possamai and Zhou [18]. The reader interested in a more detailed 
description of these notation is referred to these papers listed above. 
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2.1. The class of probability measures. Let fl := {uj : u e C([0, 1], K d ), w = 0} 
be the canonical space equipped with the uniform norm | |cu | |J° :— sup 0<t<1 \u>t\, B the 
canonical process, J- the filtration generated by B, F + the right limit of T . 

We call P a local martingale measure if under which the canonical process B is a local 
martingale. By Karandikar the quadratic variation process of B and its density 
can be defined universally, such that under each local martingale measure P: 

ft i 

IB) := Bi - 2 / B s dB s and a t := \im-((B) t - (S) t _ e ), < t < 1, P - a.s.. 
Jo £ 

Adapting to Soner et al. [2^, we denote 'Pvk the collection of all local martingale 
measures P such that (B) t is absolutely continuous in t and a takes values in S^°, 
P-a.s.. It is easy to verify that the following stochastic integral defines a P-Brownian 
motion: 

Wf := f a~ l ' 2 dB s , < t < 1. 
Jo 

We define a subclass of Vw that consists of the probability measures induced by the 
strong formulation (cf. Lemma 8.1 in Soner et al. |26|): 

Vs ■= {P G ?V : ^ P = 7'}, 

where J- (J- w , respectively) is the P-augmentation of the filtration generated by B 
(W r , respectively). 

2.2. The nonlinear generator. We consider a mapping H t (ui, y, z,n) : [0, 1] x fi x R x 

R d x Dh — > R and its Fenchel-Legendre conjugate with respect to rj: 

Ft(u,y,z,a) := sup j -tr(a»7) - H t (u, y, z, rf) \, a G S^ . 
veD H J 

where Dj/ C R dxd a given subset that contains 0. For simplicity of notation, we note 

F t (y,z) :=F t (y,z,a t ) and F° :=F t (0,0), 

and we denote by D Ft r y ^\ the domain of F in a for a fixed (t, z). In accordance 
with the settings previous literatures, we assume the following assumptions on F, which 
is needed for the "quasi-sure" technique: 

(Al) Dp t ( y ^ — Dp t is independent of (u,y, z); 

(A2) F is J- -progressively measurable and uniformly continuous in u). 

2.3. The spaces and the norms. For the wellposedness of 2BSDEs, we consider a 
restrictive subclass Vh C Vs defined as follows: 

Definition 2.1. Let Vh denote the collection of all those P G Vs such that 

a P < St < ~of (usual partial ordering on S^°) and d t G -Df 4 , A x P — a.e., 
/or some a p , df G §>° and a// (y, z) G R x R d . 

Remark 2.2. Soner et al. [25 mentioned that the bounds a p and a p may vary in P. 
Thanks to the quadratic growth assumption on F, i.e., (A3) in the sequel, F® is bounded 
so that Vh is not empty in our case (cf. Remark 2.5 in Possamai and Zhou |18j ). 
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Definition 2.3. We say that a property holds Vh~ quasi- surely (Vh-o.s.) if it holds 
P-a.s. for all P e Vh- 

For each p > 1, L V H denotes the space of all J 7 ! -measurable scalar random variable £ 
that satisfies 

||£|| L , := sup E P [|£H <+oo. 

PEVh 

Letting p — > +oo, we denote by the space of all P#-q.s. bounded random variable 
£ with 

:= sup HCHl-(p) < +oo. 
vev H 

Let Dg 1 denote the space of all E-valued J r+ -progressively measurable process Y that 
satisfies 

Vh — q.s. cadlag and ||y||u« := sup ||it||i~ < +oo, 

H o<t<i H 

and denotes the space of all Revalued J r+ -progressively measurable process Z that 
satisfies 



lik 

H P&Vh 



\Z\\l 2 := sup E f 



\al /2 Z t \ 2 dt 



< +00. 



Remark 2.4. We emphasize that the monotone convergence theorem no long holds true 
on each space listed above in this framework, i.e. that the monotone Vn-q-S- convergence 
yields the convergence in norm may fail. As stated in section 4 of Possamai and Zhou 
[18) , this is one of the main difficulties to prove the existence of quadratic 2BSDEs by 
global approximation. 

With a little abuse of notation, we introduce the notion of BMO ('Pir)-martingale and 
its generator, which is an extension of the classical one. For the convenience of notation, 
H can refer to either a single process or a family of non-aggregated processes {H r }p^-p H 
in the definition and lemmas below. 

Definition 2.5. We call H a B MO {Vh) -martingale if for each P G Vh, H v is a 
V-square integrable martingale and 

\\H\\ 2 bmo 2 (v h ) ■= ^p sup |K[<# P )i - (H p ) T ]\\ L ~ {r) < +oo, 

VeV H tGTo 1 

where 7q is the collection of all J- -stopping times t that take values in [0, 1]. 

From the definition above, for a fixed BMO(Vh )-martingale H, there exists a uniform 
bound constant Mh > 0, such that for all P G Vh and a £ Tq, 

\\H-a<t\\bmo-i(p) - \\HWbmOzQ?) - Mh- 

Applying Theorem 2.4 and Theorem 3.1 in Kazamaki [12] under each P G Vh, we have 
the following lemmas: 

Lemma 2.6. Suppose H is a BMO(V 'H)-martingale, then there exist two constants 
r > 1 and C > 0, such that 

sup sup E F [\£{H p ) t \ r ] < C, 

VeV H 0<t<l 
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and for some q > I, the following reverse Holder's inequality holds under each P G Vh 
with a uniform constant Crh- for each < t\ < ti < 1, 

Ef 1 [f(H p )? !1 ]<C Jlff f(ff p )? l) P-a.,., 

where r, C , q and Crh simply depend on Mh- 

Lemma 2.7. Suppose H is a BMO(Vh) -martingale, then there exist a p > 1 and a 
Ce > that simply depend on Mh, such that for each t € [0,1], 



sup sup 



El 



( E(H r ) T \ — 



<C E . 



Definition 2.8. We call Z 6 M H a BMO(V ^h) -martingale generator if 

2 



3MO(V H ) 



sup 

P£V H 



sup sup 

vevn reTn 1 



Z t dBt 



BM0 2 
1 



J \a t /2 Z t fdt 



< +oo. 



L°°(P) 



It is evident that if Z is a B 'M 0(V 'h) -martingale generator, defining for each P £ Vh, 



H 



Z s dB s , < t < 1, 



i/ien H is a B M 0(Vh) -martingale. We denote by ^bmo(v h ) ^ e s P ace °/ a ^ BMO(Vh) 
martingale generators. 

Applying energy inequality under each P e Vh, we have the following lemma: 
Lemma 2.9. Suppose Z e ^bmocph)' f or eac ^ P — ^; ^ ^ Vh and all r € Tq , 



E-: 



''1 



< CpII^IIhI 



Finally, we denote by £/Cf,(f2) the collection of all bounded and uniformly continuous 
maps £ : i7 — > R and denote by the closure of C/Cb(f2) under the norm|| • 

2.4. Formulation to quadratic 2BSDEs. We shall consider the 2BSDE of the fol- 
lowing form, which is first introduce in Soner et al. |25j : 



(2.1) 



Y t = t- 



F s (Y s ,Z s )ds - / Z s dB s +Ki-K t , 0<t< 1, V H - q.s. 



In addition to (A1)-(A2), we assume the following conditions on the generator F: 

(A3) F is continuous in (y,z) and has a quadratic growth, i.e. there exists a triple 
(a,/3,7) e R + x E+ x R+, such that for all (w,t,y,z,a) G x [0, 1] x R x R d x D Ft , 



(2.2) 



\F t (w,y,z,a)\ < a + /%| + | la 1 / 2 *! 2 ; 



(A4) F is uniform Lipschitz in y, i.e. there exists a /i > 0, such that for all (lu, t, y, y' , z, 
a) e Q x [0, 1] x R x R x K d x D Ft , 

|i^(w,y,z,a) - F t (w,y',z,a)| < - y'\; 
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(A5) F is local Lipschitz in z, i.e. for each (u, t, y, z, z'a) G fix [0, 1] xRxR d xK d xZ}F t , 

\F t (uj, y, z, a) - F t {uj, y, z', a)\ < C{1 + \a 1 ' 2 z\ + \a^ 2 z'\)\a^ 2 {z - z')\. 

Remark 2.10. We have some comments on these conditions above: (A3) is a quadratic 
growth condition for the proof of existence and similar ones for quadratic BSDEs can 
be found in Kobylanski [13] and Marlais [16) : (A4) and (A5) are necessary for the proof 
of uniqueness and analogous conditions were adopted by Hu et al. [5] and Morlais |16) 
for quadratic BSDEs. All these conditions above could be slightly weakened and further 
discussion will be made in Remark \5.11\ 

Definition 2.11. We say that (Y, Z)eDf x is a solution of 2BSDE {OJ if: 
-Y T = Z, Vh-Q.8.; 

- The process K p defined as below: for each P G Vh, 

(2.3) Kf :=Y -Y t - [ F s {Y Sl Z s )ds+ f Z s dB s , < t < 1, P - a.s., 

Jo Jo 

has non- decreasing paths F-a.s.; 

- The family {K p }p^-p H satisfies the minimum condition: for each P G Vh, 



(2.4) Kf= essinf E?[KZ], < t < 1, 

p>evn(t+,r) ~ ~ 



a.s.. 



Moreover, if the family {K r }p^-p H can be aggregated into a universal process K, we call 
(Y, Z, K) a solution of 2BSDE Wl\) . 

In the sequel, positive constants C and M vary from line to line. 

3. Representation and uniqueness of solutions to 2BSDEs 

In this section, we give a representation theorem of solutions to the 2BSDE (|2.1j) under 
(A1)-(A5), which is similar to those in Soner et al. [23] and Possamai and Zhou [T8]. The 
representation theorem shows the relationship between the solution to the 2BSDE (I2.1[) 
and those to quadratic BSDEs with the generator F under each P G Vh- Also, some a 
priori estimates to solutions is given which are useful to the proof of the existence. 

3.1. Representation theorem. Before proceeding the argument, we first introduce 
a lemma (cf. Lemma 3.1 in Possamai and Zhou |18j). the parallel version of which 
for quadratic BSDEs plays a very important role to show the connection between the 
boundness of Y and the BMO property of the martingale part f T Z t dB t . 

Lemma 3.1. We assume (Al)-(AS) and £ G L'g. If (Y,Z) G x is a solution 
to the 2BSDE IP) , then Z G ^ 2 bmo{Vh) and 

(3.1) ||Z||^ Mo( ^ ) <^ l|r|l ^(l + 2 7 (a + /3||r|| D|? )). 
Consider the following quadratic BSDE under each P G Vh'- 

(3.2) y P s =V+ [ Fu{y V u , zl)du - I z v u dB u , < s < t, P - a.s., 
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where t € [0, 1] and r\ is a _F t -measurable random variable in L°°(P). Under (Al)-(A5), 
the BSDE (|3.2j) admits a unique solution (y p (t, 77), z v (t, rj)) according to Kobylanski [T3] 
and Morlais |16) . 



Then, we have the following representation theorem for the solution of the 2BSDE (J2TTJ) : 

Theorem 3.2. Let (Al)-(A5) hold. Assume that £ £ L'g and (Y, Z) e x is a 
solution of the 2BSDE {Op. Then, for each PeP H and all < t x < t 2 < 1, 



(3.3) Y tl = esssup' y p (i 2 , Y t2 ), P-a.s., 
where 

V H (4,P) := {P' £ V H ■ PV+ = P|jr+ }■ 

Remark 3.3. Applying Theorem 2.7 (comparison principle) in Morlais |16| . i/ie theorem 
above also implies a comparison principle for quadratic 2BSDEs. 

Proof: First of all, Lemma 13.11 shows that Z is a BMO(Vh )-martingale generator, 
then we deduce by the BDG type inequalities, Lemma [231 and (|3.ip that for each p > 1, 
PeP ff and all < *i < t 2 < 1, 

(3.4) E* [(** - Kl Y] <C P := Ce ip ^ Y ^ (1 + | \Y \ |^ ), P - a.s., 
Since P is arbitrary in (|3.4p . we have 

esssup p e£[(.k£ - A p >] < C p , P - a.s.. 

P'ePff(t+,r) 

We are now ready to prove that for a fixed P € Vh and all < t\ < t 2 < 1, 

(3.5) y tl < esssup p ^'(ta,^), P-a.s.. 

Fixing i 2 e [0, 1], for each P' e V H (tf,F), wc note 

£F P ' :=Y-y p '(t 2 ,Y t2 ) and <5Z P ' := Z - z r (t 2l Y t2 ), 
then, for each t £ [0,t2], 

5F P ' = ^ A^ds - ^ 5Z s a l J 2 {-^ s ds + dWf) + < - Af , P' - a.s., 
where A is a scalar valued process and k is an Revalued process defined by 

( (h(yUt2Xt 2 ),z^t2,Yt 2 ))-F t (y T t ' (t2,Y t2 ),Z t ))a 1 / 2 SZ t \Z l / 2 X7'\ -J. n- 

K r t =\ W^SZJ 2 ' '* dZt| ^ 0) 

[ , otherwise. 

By (A4) and (A5), we have ||A||£>°c(p/) < I 1 and k satisfies 

P'l , , . 1-1/2 f f, v \ . I a1/2 ry I 

K I < 1+ I a/ ^ (*2,Yt 2 )| + IV £t|- 

Defining 

< := f ^dwf, 0<t<t 2 , 
Jo 
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we have 
(3.6) 



I W p 'll 2 

\\BMO( 



, < C(l + \\al /2 z!'(t 2 ,Y t2 )\\ 2 M z , + \\a t /2 Z t \g 2 

1 BMO(F') BMO)(I') 



Applying a priori estimates for quadratic BSDEs (cf. Lemma 3.1 in Morlais 16 ), it is 
readily observed that 



(3.7) 



\\a^z p '(t 2 ,Y t2 )\\ 2 H ; 



MO(P') 



<Ce 47l|r|!D «(i + ||y|M. 



Putting (|3.ip and (|3.7p into (I3.6p . we deduce the following estimate uniformly in P': 



(3.8) 



\H \\bmo(V') — Mh, 



where Mjj depends simply on ||y||D~- This implies that H is a BMO(Vh )-martingale. 

Define a probability measure Q' < P' by ^\p t = £(J Q K P s 'dWj') t and a process M t := 
exp(J ti X s ds), t\ <t < t 2 . Applying Ito's formula to MSY under Q', we have 



(3.9) 



SY* = Eg 



M t dK[ 



<<[ sup (M t )«'-<)] 
ti<t<t 2 



< el 



£{H r ) 



Thanks to (|3.8p and Lemma 12.61 we can find uniformly for all P' G V H (tf,F) two 
constants (? > 1 and Crh > such that 



< ^«[« - o^- 1 ]) 1 / 2 ^;!^' - <)] 1/2p 

<C&e"( esssup p E0(<-<) 2 ^])VX[(<-<)] 1/2p 

P'e-p H (t+,P) 



< 



where 1/p+l/q = 1. Since C/jjy and C2 P -i are independent of P', we can take essential 
infimum over all P' G Vh it\ > ^) on the left-hand side of the above inequality and deduce 
by the minimum condition (|2.4[) that 

Y tl - esssup p yfife,^) 

<C&C%*e>> essinf [(< - <)]^ = , P - a .s.. 

From (|3.9p . it is easily observed that > 0, Q'-a.s. and thus, P — a.s., for all 

P' G Vh (h j IP) i which directly yields the reverse inequality of (|3.5p . The proof of Q3.3P 
is complete. □ 
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3.2. A priori estimates. We now give some a priori estimates for quadratic 2BSDEs: 

Lemma 3.4. Let (Al)-(A5) hold. Assume that ?ei^ and that (Y, ZjeD^x U 2 H is 
a solution to 2BSDE \2.1\) . Then, there exists a C > such that 

(3.10) ||y|| D « <C(1 + ||£|| L ~) and \\Z\\ 2 ^ < Ce^ m ^ (l + 



Proof: From (|3.4[) and a priori estimates for quadratic BSDEs, we deduce the left-hand 
side of (|3.10p . whereas the right-hand side comes after (|3.1[) . □ 

Lemma 3.5. Let (A1)-(A5) hold. Assume that f G L<g and that {Y\ Z l ) GD^x W 2 h , 
i = 1,2, are two solution to 2BSDE H2.1\) . Denote 

5£ := - £ 2 , SY := Y 1 - Y 2 , 8Z := Z 1 - Z 2 , 

SK P := (K X ) F - (K 2 f and A6Y t = SY t - SY t - , 

then we have the following estimates 

\\SY\\»~ <C||^|| L «; 



E! 



Jt J - n 



Proof: Similar to (|3.9[) . we can easily obtain the first inequality. For the second one, 
we apply Ito's formula to 5Y 2 , then we have for a fixed P € Vh and a r € 7o , 

5i; 2 + J \d\ /2 5Z t \ 2 dt <5e + 2 J 5Y t {F t (Y t \zl) - F t (Y 2 , Z 2 ))dt 

-2 [ 5Y t 5Z t dB t + 2 [ 5Y t -5dKj - ^ (A5Y t 



t ) 2 , F-a.s. 



T<t<l 

Taking expectation on the left-hand side and by (A3) and (|3.4j) . we deduce 



,2 2 s 

/ |a t 1/2 5Z t | 2 rfi < H^Hi- + 2||*r|| DS 2a + /?]T Haling + \ E U^U^W*) 

^ i=i *=i H ' 

+ 2||*Y|| D ~(I*[(i^ - [K't] + - 

2 

<cii^ii^^(i+e 4 ^ || « < ii-f)(i+iieiu«). 
»=i 

We complete the proof. □ 

By either Theorem l3.2l or Lemma 13.51 we deduce immediately the uniqueness of Y. We 
observe that d(Y,B) t = Z t d(B) t , < t < 1, Pff-q.s., which implies the uniqueness of Z. 

4. Existence of solutions to 2BSDEs 

In this section, we provide the existence result for the 2BSDE (|2.1[) under (A1)-(A5) by 
a pathwise construction introduced in Soner et al. |24] and [2 5) with the technique so- 
called regular conditional probability distribution (r.p.c.d.), which can be find in Stroock 
and Varadhan l27l. 
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4.1. Regular conditional probability measures. For the convenience of the reader, 
we recall some notations of r.p.c.d. in Soner et al. [24"] . 

• For each t 6 [0, 1], let O* := {Q G C([t, l],R d ), Q(t) = 0} be the shifted space, B l the 
shifted canonical process, T l the shifted filtration generated by B l . 

• For each < s < t < 1 and ui G f2 s , we define the shifted path w G il* by 

uj u := uj u — u> t , u G [t, 1]. 

• For each < s < t < 1, w £ fi s and ui G f2*, we define the concatenation path 
uj ® t ui G fl s by 

(w ® t w) u := w„1[ Sj 4)(m) + (w t +^«)l[i,i](w), w G [s, 1]. 

• For each 0<s<t<l,wGri s and an .Ff-measurable random variable £ on f2 s , we 
define the shifted ^-measurable random variable on J7* by 

^' w (cD) :=£(w ® t w),w G ft*. 

• For each < s < t < 1, the shifted process X*'" of an ^-progressively measurable 
X is J 7 * -progressively measurable. 

• For each t G [0,1] and w € f), we define our shifted generator by 

F*> u (u>,y,z) :=F,(w<8> t w,y,*,a*(w)), (s,w) G [t,l] X fi*. 

• For each t G [0, 1], "Pj^ denotes the collection of all those P G such that 

a p < a* < a p and a' G L>f s , A x P - o.e., 
for some a p , a p G S^ and all (y, z) G K x K d . 

• For £ G [0, 1] and P G Vh, the r.p.c.d P" of P induces naturally a probability measure 
P t,UJ on (fi'jj 7 ') which satisfies that for each bounded and J-i-measurable random 
variable £, 

E^[£] =E pt "" 

• By Lemma 4.1 in [24], P t,w is an elements in and for each t G [0, 1] and P G Vh, 
it holds for P-a.s. w G f2, 

F s (w (g) t tj,y,z,a*(d))) = F s (cj (g) t u),y,z,a s (u (g) t £>)), A x P* 1 " - a.e.. 

4.2. Existence result. For some fixed ui G f2 and < ii < is < 1, we consider a 
quadratic BSDE of the following type on the shifted space fi' 1 under each P' 1 G Vjj : 

(4.1) yf 1 -^ = ^ + F^{yC^,C^ndu 

J S 

z v u 1M ^dB^ , ii<s<i 2 , P 4l -a.s., 

where 77 G L^? i s a .^-measurable random variable. It is well known that (|4.ip admits 
a unique solution (y ptl , ' 1 ''"(t2, v), z' 1 '* 1 '"^, ??)) under (A1)-(A5). In view of the Blu- 
menthal zero-one law, y^ 1 ' tl,UJ (t2,rf) is a deterministic constant P 4l -a.s. for any given rj 
and P' 1 . 
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The following lemma describes the relationship between yf(l, £) and yf £ ), where 

the first one is the solution to (|3.2p with the parameters (1, £) under a fixed P £ Vh and 
the second one is the solution to (|4. 1 [) when t\ is a fixed i, P* is in fact the r.p.c.d P*' w 
of P and (h,r)) = 

Lemma 4.1. Assume (Al)-(A5) hold. For a given £ £ L^ and a fixed P £ Vh, use 
have, for each t £ [0, 1] and P-a.s. w € f2, 

(4-2) rf(l f 0(«)=lT' A "(l,0. 

Proof: Similar to the proof of Lemma 4.1 in Soner et al. [23] , we have the following 
conclusion: because £ £ L°°(P), for P-a.s. u £ O, < ||£||l°°(p), P*'"-a.s.. Thus, 

(|4.ip is well denned under our setting and the right-hand side of (|4.2[) is the unique 
solution of (14.11). 



We emphasize that the wellposedness of both (|3.2p and (|4.1j) as well as the estimates 
of the solutions are already provided by Kobylanski [T3] and Morlais [TB]. Our job here 
is only to redo the construction of two sequences formed by the solutions of Lipschitz 
BSDEs, which approximate the solutions on both sides of (|4.2p . 

By Lemma3.1 in Morlais [16], we can find an M := e l3 (a + which is the 

bound of both side of (|4.2p . Then, we choose a C°°(R) function which takes value in 
[0, 1] and satisfies that 

1 , uG [e-T M ,eT M ]; 

, ue (-oo,e^( M+1 )]U[e^( M+1 ),+oo). 
We can verify that for each t £ [0, 1], 
(4-3) yf(l,e^G):=ex P (72/f(l,0), 

solves a quadratic BSDE with the parameters (l,e 7 ^) and the generator G of the fol- 
lowing form: for each (w, t,y,Z) £ O x [0, 1] x R x R d , 

(4.4) 6 t (u>, y, Z) := <j>(y) UyP t L, ^Ij- ^\a\ /2 {Lo)Z\^ . 
On the other hand, fixing (ui,t) € fi x [0, 1], 

(4.5) yf •">*>" (l,e*,&nW :=exp( 7 yf "'''"(I, £)(£)), t < s < 1, 

defines a solution that solves a quadratic BSDE under P*' 1 ^ with the parameters (l,e 7 ^) 
and the generator G t,u of the following form: for each (w, s, y, Z) £ 17* x [t, 1] x R x R d , 



GTiQ, y, Z) := hji';''' (O, ^ J - —\{a\Y'\u)Z\ 

Now, our main aim is changed into that for each t £ [0, 1] and P-a.s. u> £ f2, 

yf (1, e 7 «, G)(w) = D^'"'*' u (l, e 7 «, G*'"). 
For each (w, f , y, Z) £ fl x [0, 1] x M x K d , we set 

(4.6) 6?(w,y,^):= sup {G t ( W ,p, (Z )-r^|(p-y)|- ^^ |a t 1/2 H(g-Z)|}, neN 

(p, 9 )eQxQ d 
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and also for fixed (w, t) G Q x [0, 1] and each (u), s, y, Z) G SI* x [t, 1] x R x R d , we define 

((G^)»(u>,y,z) 

:= sup {G^(^,p,q)-n|(p-y)|-n|(aD 1/2 (^)(9-^)l}, ™ G N. 

(p, g )eQxQ d 

By Lemma 4.1 in Soner et al. [24], for each t G [0, 1], P-a.s. w G SI and each (y, z) G 

R x R d , 

(4.7) ^(w, y, *) = FZ ,u (ui, y, z, a\fa) = F s (w ® t u, y, z, a s (uj ® t w)) 

= (#(.,.))*-- (w.y.z), anda*(a))=a^(u)), A x P* ,w - a.e.. 

We call (F(-, ■))*>" the globally shifted generator of F. From (|4.7p . we can deduce that 
for each i G [0, 1], P-a.s. lo G fi and each Q?, 2)elx R d , 

G*; u (w,3;,Z) = (G(-, •))*»"(£, A x P*>" - a.e., 

and furthermore that for each n G N, 

(4.8) (G^)^(w,^Z)-(G"(-,-))^(d;,y,Z), A x P*' w - a.e.. 
Moreover, it is easy to verify that for each (co,t,y,Z) e SI x [0, 1] x 1 x R d , 

-e M +V7 + P{M + 1)) - e M+1 \a\ /2 faZ\ 2 < 6 t (u, y, Z) 

< G? +1 fay,Z) < & t l (uj,y,Z) < e M+l {a 1 + f3{M + 1)), 

and G™(w, y, Z) i G t (cj, ^, -2) uniformly on compact sets in [0, l]xlx R d . Similarly, 
for fixed (w, i)e!lx [0, 1] and each (a), s, y, Z)e!J ( x [i, 1] X R X R rf , 

-e M+1 ( ai + /3(M + I)) - e M+1 \(al) 1 ^^)Z\ 2 < G t (^,y,Z) 

< (G^)1 +1 fay,Z) < (G*' w )™(a;,3^, Z) < e M+1 (a 7 + /9(M + 1)), 

and (G 4 '")"^, Z) 1 (G*' w ) t (cJ, J- 7 , Z) uniformly on compact sets in [t, 1] X R X R d . By 
Lemma 3.3 (monotone stability) in Morlais [TB], we have, for each t G [0, 1] and P-a.s. 
cj G fl, 

(4.9) 3^(1, e 7 «, G")M | (1, e^, G)(w), as +oo, 
and for fixed (u>, G O X [0, 1], 

(4.10) 3>f "'^(l, e 7 «, (G*'T) | ^''"'^(l, e 75 , as n -> +oo. 

To obtain the desired result, it is suffice to prove that for each n G N, a fixed i G [0, 1] 
and P-a.s. cj G SI, 

(4.11) yf(l,e^,G n )(uj) =yf'"' t ' u3 (l,e^ ) (G t ' u ) n ). 

We notice that the generators of both sides of f|4. 1 1[) satisfy the following uniform Lips- 
chitz conditions: for each n G N and (w, t, y 1 , y 2 , Z 1 , Z 2 ) G SI x [0, 1] x R x R x R d x R d , 

|<2?( w , ^ , z 1 ) - 6? fa y 2 , z 2 )\ < niy 1 -y 2 \ + n^faiz 1 - z 2 )\- 

and for fixed (u, t) G O X [0, 1], each n G N and (w, s, Z 1 , Z 2 ) G £7* x [i, 1] x R x 

R x R d x R d , 

fay 1 , Z 1 ) - (G^):(u,y 2 ,Z 2 )\ < -y 2 \+n\(ai) 1 / 2 (u)(Z 1 - Z 2 )\. 
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Since the solutions of these Lipschitz BSDEs can be constructed via Picard iteration, 
from (|4.8[) . we can obtain (j4.11j) (cf. (i) in the proof of Proposition 4.7 in Soner et al. 
[23] and (i) in the proof of Proposition 5.1 in Possamai and Zhou [IB])- Then, (|4.9p and 
(|4.10p give the desired result. □ 

Remark 4.2. The lemma above is the key point of this paper, which ensure us to 
prove the following proposition under the Kobylanski |13j type condition (A3) instead of 
Tevzadze [28| type one, which is adopted by Possamai and Zhou |18j to make sure that 
the solutions of quadratic BSDEs on both original and shifted spaces can be constructed 
via Picard iteration, so that the statement corresponding to {-1-2$ in Soner et al. |24) 
for Lipschitz BSDEs still holds. In the present paper, the lemma above is proved by 
a monotonic convergence technique for classical BSDEs under a fixed P, but it is still 
difficult to obtain a globally monotonic convergence theorem for quadratic 2BSDEs, as 
Possamai and Zhou [18j has already stated. 

Similar to the one in Soner et al. [23] , we define the following value process Vt pathwisely: 
for each (uj,t) G fi X [0, 1], 

(4.12) %(u>):= sup yf''' w (U). 

For the rest part of the proof of the existence, we assume moreover that the terminal 
value £ is an element in [/Ci,(£l). Therefore, it is readily observed that for all (oJ,t) £ 
fix [0,1], 

(4.13) Vt(w)<C(l + Bup|£(w)|), 

wen 

and there exists a modulus of continuity p, such that for each t € [0, 1] and (u;,w',u>) 6 

\p«(Q)-p»'(G,)\<p(\\ u - u '\\?). 
Recalling the uniform continuity of F in u, we have moreover that for each < t < s < 1, 
(w, u/, ui, y, z) £ n x n x n* x R x R d , 

\F t ^(Q,y,z)-Fy(Cj,y,z)\<p(\\o J -oj'\\?). 

We define 

5y:=/ t ^(l,0-/ t ^'(l ) 0. Sz :=z pt ^(l,0-^ w '(l,0 5 
^ := 5F{y,z) := F**>{y, z) - F^' \y,z). 

Proceeding the same in the proof of Theorem l3.2[ for each (a/, u>', t) G fi x ft x [0,1] and 
a fixed P* £ Vjj, we can find a Q* <C P* and a bounded process M, such that 



<Cp(\\cj-u'\\?) 



(4.14) \Sy t \=E^ + J M^yf'^^O^T'^ihO)^ 

By the arbitrariness of P* , it follows that 

(4.15) \V t (u) - V t (uj')\ < C P (\\uj - u'\\f), 
from which we can deduce that Vt G J~t- 

Parallel to Proposition 4.7 in Soner et al. [23] and Proposition 5.1 in Possamai and 
Zhou [18j . we give the following dynamic programming principle: 
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Proposition 4.3. Under (Al)-(A5) and for a given £ £ UCb, we have, for each < 
t\ < t% < 1 o/nd lo £ £1, 

(4.16) sup vt^{t2,V t2 ). 

Proof: Without loss of generality, we only need to prove the case when t\ = and 
t 2 = t, i.e., 

V = sup y£(t,V t ). 

FEVh 

Fixing P G Vh, for each wed and < G [0,1], P*'" £ P^. By Lemma HTTl and from 
(|4.12j) . we have, for each i G [0, 1] and P-a.s. a; G O, 

y f(l,0M = 2,r^(U)< sup yf^(U) = W. 

Applying Theorem 2.7 (comparison principle) in Morlais [16], it follows that Vq < 
sup PePff ^(*,F t ). 

We omit the rest part of the proof, i.e., the proof of the reverse inequality of (|4.16[) via 
the r.c.p.d. technique, since it goes in a exact same way as the one in Soner et al. [2"4l 
and Possamai and Zhou [H]. □ 

We shall head to the Doob-Meyer type decomposition of V based on some results for 
quadratic g-supermartingales in Ma and Yao [14] . These results were obtained under 
the assumptions for the proof of uniqueness in Kobylanski |13) , since these assumptions 
ensure that the wellposedness of the corresponding quadratic BSDEs, so that the g- 
expectation can be well defined. However, Morlais [16] also provided the wellposedness 
of quadratic BSDEs under (A3)-(A5) for the BSDEs of the form (j3~2l) . then the applica- 
bility of these arguments to such type of F-supermartingales will not alter under each 
P € V H - 

For a fixed P £ Vh, from (|4.16p and by Lemma [4~TT we have for each 0<ti < t 2 < 1, 

(4.17) V tl >yl(t 2 ,V t2 ), P-a.s.. 

Thus, by Definition 5.1 in Ma and Yao [14], V is an F-supermartingale under P. Then, 
for each (w, t) e O x [0, 1], we define 

V t + (ui) :— limsup V r (u>). 

Qn(t,l]3rJ,t 

Applying corollary 5.6 (downcrossing inequality) in Ma and Yao [13] , one can see that 
for P-a.s. uj G fi, lmiQ n ( 4il ] 9r j_ t V r exists for all t G [0, 1]. Therefore, we have 

(4.18) V t + = lim V r , < t < 1, V H - qs., 

Qn(t,l]3rit 

which implies that V + has 'Pjy-q.s. cadlag paths. 

The following proposition (corresponding to Proposition 4.10 and 4.11 in Soner et al. 
[51] and Proposition 5.2 in Possamai and Zhou [T8]) demonstrates the relationship be- 
tween V and V + , from the second part of which, we can deduce that V is a cadlag 
F-supermartingale under each P G Vh, then we apply the Doob-Meyer type decompo- 
sition theorem (cf. Theorem 5.8 in Ma and Yao [14]) directly to V. 
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Proposition 4.4. Assume (A1)-(A5) hold. For a given £ € J7Cf,(f2) and a fixedV G Ph , 
we define 

(4.19) K p := esssup p /(!,£) and V?> + := esssup p yf(l,£). 

P'eTMtj") V'eVu (t+,P) 

Then, we have 

V t = V p and = Vf' + , < i < 1, P - a.s.. 

Moreover, 

(4.20) F t = F t +, < t < 1, T'/f - g.s.. 

Proof: For the proof of the first equality in (14. 19)) and that V t + > Vf' + , we can proceed 
the same steps in the proof of Proposition 4.10 in Soner et al. [23]. Here, we would like 
only to prove that for a fixed P £ Vh, 

V t + < Vf' + , 0<i< 1, P-a.s., 

since the technique will be a little different. 

Fixing a P 6 Vh , a i € [0, 1] and an r G Q n (t, 1], from the first equality, we have 

V r p := esssupp (1,0- 

Following step 3 in the proof of Theorem 4.3 in Soner et al. [25] . we could find a sequence 
of probability measures such that {P„}„ eN C V H (r,¥) C V H {t + ,V) and y P "(l,£) t V r , 
P-a.s.. We consider the following BSDE with the parameters (r, V r ) and the generator 

y P s = V r + ^ F u (yl z r u )du - j* zZ<W u , < s < r, P - a.s.. 

and denote by (y r (r, V r ), z p (r, V r ))) its solution. Then, it follows by Lemma 3.3 (mono- 
tone stability) in Morlais [TB] that 

yJ(r,V r )=y r (r, lim yf"(l,0) = 1™ yf(U) < Vf+ P - a.s.. 

n— J-+oo n— >-+oo 

Now, our aim is to find a sequence {r m } me ^ c (£, 1] such that r m J, £ and 

(4.21) lim yf(r m ,l/ r „J =7+, P-a.s.. 

Noticing that the generator F is no longer Lipschitz in \a}l 2 Z\, in general, the statement 
above (|4.2ip is not straightforward if only the conditions that V is uniformly bounded 
on (t, 1] and that V r — > V t + , P-a.s. are given. We define a sequence of BSDEs under P 
with the parameters (r, e lVr ) and the generator G in the form of (|4.4p and denote by 
CV P (r, e 7Vr , G), Z p (r, e 7Vr , G)) their solution. From the relationship that 

y^{r,ei v r,G) = ei y ^ r > Vr \ 0<t<r, P-a.s., 
the statement (|4.21|) is equivalent to 

(4.22) lim ^ t P (r m ,e 7y "-,G) = e 7y * + , P-a.s.. 

Proceeding the same in the proof of Lemma |4.1[ for each n, we consider the solutions 
y r (r, e 7 ^, G") of the BSDE with parameters (r, e jVr ) and the generator G ra in the form 
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of (gU). Note M := C(l+sup wen e^ w >) that is the uniform bound for all y r (r, e 7 ^, G n ), 
we have 

E p [\y p (r, e lVr ,G n ) - e^\ 2 } <C(l + n + a M )(r - t), 

where n is the Lipschitz constant of G n and ajj > depends simply on M. Therefore, 
for a fixed n G N, there exists a sequence {r^} m€ N C (t, 1] such that r 7 ^ It and 

lim |yf(C,e^ , G n ) - e 7l/ - | = 0, P - a.s, 

m—>-\-oo 

which implies 

lim \yf(rl,e^,G n )-e^\ 

m— >-+oo 

< lim \yf(rl, e lV ^ , G n ) - e 7V "- | + lim - 1=0, P - a.s.. 

m— >+oo m— >-+oo 

By the diagonal argument, we could find a universal sequence {r m }meN C {t,l] such 
that f m 1 t and for each n G N, 

lim |jf (f m , e 7 ^- , G") - e 7V ' + 1 = 0, P - a.s.. 

m— >-+oo 

For each n, m € N, 

|3f(f m ,e^,G")| <M, 

and Lemma 3.3 (monotone stability) in Morlais [15] shows that for each m G N, the 
following statement holds true P-a.s.: 

< n (r m , ,G n ) I yf(r m ,e^m), as n +oo. 

Thus, 

lim yf(f m ,e^)= lim l im ^f(f m ,e^,G") 

m— »-+oo m— »+oo n— »+oo 



lim lim yf{f m ,e rV ^,G n )= lim = e 7V "' + , 



n— f+oo m— ^+oo n— f+oo 



which ends the proof of (I4.19[) . Subsequently, the statement (|4.20|) could be proved in a 
similar way as Proposition 4.11 in Soner et al. □ 

Theorem 4.5. [Mder (A1)-(A5) and for a given £ G J7C 6 (fi), the 2BSDE IfKJ]) has a 
unique solution (Y, Z) G B^ x 1^. 

Proof: From (14. 17)) and (I4.20[) . we know that V is a cadlag F-supermartingale. Apply- 
ing the Doob-Meyer type decomposition (cf. Theorem 5.8 in Ma and Yao [T3]) under 
each P G Vhi 

V t = V x + J F S (V S , Z v s )ds - j Z r s dBs + K p -Kj, < t < 1, P - a.s., 

where K r is a non-decreasing process null at 0. As shown in the proof of Theorem 4.5 
in Soner et al. [53] one can find a universal Z such that for each P G Pfj, 

Z( = Zj , < t < 1, P - a.s.. 

Defining Y — V, from (|4.13p . Y G B^. Similar to Lemma 3.1 in Possamai and Zhou 
[18], we deduce that Z G H^. Then, it suffices to verify that the family of non-decreasing 
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processes {A p }p e -p H satisfies the minimum condition (|2.4I) . For a fixed P G Vh, t G [0, 1] 
and each P' G Vn(t + ,E), using the notations from the proof of Theorem 13.21 we have 



where 



= Hf := / fidWT, 0<t<l, 



— a.s., 



By Definition E3 i? := {if p '} reT > H ( f + !P) is a BMO(V H {t + , P))-martingale. Applying 
Lemma [2~71 to the family £(H), there exists a p > 1 such that 



sup sup 

P'ev H (t+,P) o<t<i 



then 

Ef^r-<]<Ef 



£{H v ') t 



E 



/ g(g P ')l 

U(# r )* 



/ g(g f ')l 



(iff -iff) 

Ef[(Af -Kff]^ 



■2/>- 2 

2p-l 



E w 2 

From PT5|) and P~2TJ)) . we obtain 



< essinf Ef [iff - Af ] < C(V t - esssup p yf (1,0)^ 



which is the desired result. 



Pe?Mt+,P) 

- ess sup 1 
Pe^jf (t+,1 



C7(V t + - esssup p yf (l.f)) 3 ^ 1 = 0, P-o.s. 



□ 
0. 



Foreach£ G one can find a sequence {C"}neN C ?7C;,(fi), such that 
Thanks to a prior estimates, we have the following main result of the section. 

Theorem 4.6. Under (A1)-(A5) and for a given £ G £f , the 2BSDE has a 

unique solution (Y, Z) G B# x ^h- 

Remark 4.7. Recently, working under the Zermelo-Fraenkel set theory with axiom of 
choice (ZFC) and the continuum hypothesis ( CH), Nutz 1J\ has developed a way to define 
pathwisely a universal process that P-a.s. coincides with the ltd type stochastic integral 
of a predicable process H with respect to a process X that is a semimartingale under 
each P (for a continuous integrator X, H needs only to be progressively measurable). 
We notice that for each P G Vh, the canonical process B satisfies Assumption 2.1 in 
Nutz |17j . then the stochastic integral Z s dB s could be defined universally if we add 
ZFC and CH into our framework, but the aggregated process is only T* -adapted, where 

Tl:= □ ^ t + VAA p . 

P£V H 

On this occasion, K could be a universal process in 
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5. Application to finance 

In this section, we re-solve some robust utility maximization problems introduced by 
Matoussi et al. [T5] . 

5.1. Statement of the problem. The problem under consideration in Matoussi et 
al. |15j is to maximize in a robust way the expected utility of the terminal value of a 
portfolio on a financial market with some uncertainty on the objective probability and to 
choose an optimal trading strategy to attain this optimal goal under some restrictions. 

This problem can be formulated into 

(5.1) V(x) := sup inf E P \U(X* - £)], 

where is the terminal value of the wealth process associated with a strategy 7r from 
a given set A of all admissible trading strategies, £ is a liability that matures at time 
T, U denotes the utility function and V is a set of all possible probability measures. 
Without loss of generality, we always assume that T = 1 in the sequel. 

In the present paper, we study the problem consists of non-dominated models i.e., the 
probability measures from the collection V could not be dominated by a finite measure. 
Consistent with the setting for 2BSDE theory, we assume that V is a subset of the class 
Vs (cf. Definition 12. 1[) , in which all the probability measures are mutually singular. 

Definition 5.1. In \5.1)) , let V = Vh denote the collection of all those P e Vs such 
that 

Ql < o,t < a and a t £ Dp t , A x P — a.e., 
for some a, a 6 and each (y, z)elx R d . 

Adapted to this setting oiVn, we shall change a little our settings for quadratic 2BSDEs, 
that is, (A3) and (A5) will be replaced by the following (A3') and (A5'): 

(A3') F is continuous in (y, z) and has a quadratic growth, i.e., for each (w, t, y, z, a) G 
S!x[0,l]xlxR li x D Ft , 

\F t (u,y,z,a)\ < a{a) + (3{a)\y\ + ^\a^ 2 z\ 2 , 

where 7 is a strictly positive constant and a, ft are non-negative deterministic functions 
satisfy that for some strictly positive constants a and j3, 

a(a t ) < a, and f3(a t ) < P, < t < 1, V H - qs.. 

(A5') F is local Lipschitz in z, i.e., for each (w, t, y, z, z', a) e fix[0, 1] xRxK' ! xl' i xDf 1 , 

\F t (u,y,z,a) - F t (u,y,z',a)\ < CQa 1 / 2 ^ + \a l ' 2 z\ + \a^ 2 z'^^iz - z% 

where C is a strictly positive constant and 4>(a) = a 1 / 2 (f){a) satisfies that for some strictly 
positive constant 7, 

|0(a t )l - \a t /2 Hat)\ < 7, < t < 1, V H ~ qs.. 

Repeating all the proof for the wellposedness of quadratic 2BSDEs in the last section, 
we can have the following theorem: 



2(1 
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Theorem 5.2. Under (Al)- (A2), (A3'), (A4) and (A5') and for a given £_ G C°?, the 
2BSDE Vn\) has a unique solution (Y, Z) G x M 2 H . 

We will have a detailed discussion for this kind of settings later in Subsection 5.4. 

The financial market consists of one bond with zero interest rate and d stocks. The 
price process of the stocks is give by the following stochastic differential equations: 

dS\ = Sl{b\dt + dB\), < t < 1, i = 1, . . . , d, V H - q.s., 

where B is a d-dimensinal canonical process, b l is an M-valued process that is uniformly 
bounded by a constant M > and is uniformly continuous in oj under the uniform norm 
|| • ||f , i = 1, 2, . . . , d. By the definition of V H , for each P G V H , 



B t = [ a)/ 2 dW*, < t < 1, P - as. 
Jo 



where d 1 / 2 plays in fact the role of volatility in (1) of Hu et al. [5]. Thus, the difference 
of a 1 / 2 under each P G Vh allows us to model the volatility uncertainty. 



In the following subsections, we study the problem (I5.ip for two kinds of utility functions, 
the exponential and the power ones. 

5.2. Robust exponential utility maximization. In this subsection, we consider the 
robust utility maximization problem (I5.ip with an exponential utility function: 

U(x) := - cxp(-cx), c> 0, 

In this case, we denote ir — {7r t }o<t<i the trading strategy, which is a d-dimensional J-- 
progressive measurable process. The ith component tt\ describes the amount of money 
invested in stock i at time t, i = 1, . . . , d, then, for a given trading strategy 7r, the wealth 
process 1" can be written as 

Xf^x + y^f ^dS l s =x+ [ ir s (dB a + b s ds), 0<t<l, Vn-q.s.. 
i=i Jo Jo 

We now give the definition of the admissible trading strategies. 

Definition 5.3. Let C be a closed set in K d . The set of admissible trading strategies A 
consists of all d- dimensional progressively measurable processes tt — {7r t }o<t<i that take 
values in C , \ ® Vu-q.s., such that for each P G Vh , Jq \dt^ 2 ^t\ 2 dt < +oo, P-a.s. and 
{exp(— cX^)} tG j-i is a P '-uniformly integrable family. 

Then, the utility maximization problem is equivalent to 



(5.2) V(x) := sup inf E p 



exp ^ - c(^x + J TT t (dB t + b t dt) - 



We can also consider a reduced utility maximization problem under each P G Vh, 
which is introduced by Theorem 7 in Hu et al. .19^ and Theorem 4.1 in Morlais [16] . 
Following these well known results, one can find a tt v G A v that solves the reduced 
utility maximization problem: 



(5.3) V p {x) := sup E ff 



exp^-c^x + J TT t (dB t + b t di) - £ 
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where A r is the collection of all admissible trading strategies given by Definition 1 in 
Hu et al. [9] under P and thus, A C A p . It is evident that 

V(x) < inf V r (x). 

Therefore, the robust utility maximization problem (|5.2p is solved if one can find an 
optimal strategy it* such that 



V(x) = inf E f 
rev H 



exp — el x 



■J TT* t (dB t +b t dt)-Z 



= inf V p {x) 



In what follows, we give the theorem similar to Theorem 4.1 in Matoussi et al. [15] but 
without some additional condition on £ or on the border of C. 

Theorem 5.4. Assume that £ G £°? . The value function of the utility maximization 
problem i5.2\) is given by 

V(x) =-exp(- C (z-Yo)), 
where Yq is defined by the unique solution (Y, Z) G x H 2 ^ of the following 2BSDE: 

(5.4) Y t =£ + J F s (Z s )ds - J Z s dB s +Ki-K t , < t < 1, V H - q.s., 
where for each (w, t, z, a) E Q x [0, 1] x R d x §>°, 

(5.5) F t (u,z,a) := ^ dist 2 ( o^z+ia-^fw)^ 1 /^ | -^fttM-^la -1 ^^)! 2 - 

2 \ c / 2c 

Moreover, there exists an optimal trading strategy tt* G A with 

(5.6) a t 1/2 < G n 6 i/2 6 (^a t 1/2 Z t + ha^'h^j , \®V H - q.s., 

where Ha (r) denotes the collection of the elements in the closed set A that realize the 
minimal distance to the point r. 

Remark 5.5. Some of the assumptions adopted by Theorem J^.l in Matoussi et al. 
[15] are removed: our assumptions for the wellposedness of quadratic 2BSDEs does not 
concern the size of ^, so we do not need to assume in addition that the liability £ is small 
enough in norm; on the other hand, we do not have any requirement on the regularity 
of the derivatives of the generator F and thus, the border of C is no longer assumed to 
be a C 2 curve. It is evident that these two additional assumptions have limitations in 
real financial market: the one on £ is not practical; the other one on the border of C is 
often difficult to verify. 

Sketch of the proof: We prove this theorem by following procedures adopted by Ma- 
toussi et al. |15) but with some modifications, and we only give the sketch. 



Step 1: In this step, we show that the 2BSDE (|5.4p has a unique solution by verifying 
that the generator F satisfies (A1)-(A2), (A3') and (A5'). Then, Theorem IQ1 states 
that the 2BSDE (ED) admits a unique solution (Y, Z)eD™x% 
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• From that b is uniform bounded and that C is closed, we have, for each (co,z) £ ft x M. d , 
Djf t / U| j) = S^" , which implies that (Al) is satisfied. 

• Since b is ^-progressive measurable and uniformly continuous in uj under the uniform 
norm, for each (z,a) £~R d x S^ -0 , F(z, a) is ./-"-progressive measurable and uniformly 
continuous in uj. 

• For each a £ S^" that satisfies a<a<a, there exist a K > that depends only on a 
and C such that 

inf{H : r £ a 1/2 C} < K, 
and another K_ > that depends only on a and M, such that for each uj £ ft, 

la-^btiuj)] 2 <tY(a- v )M 2 = K 2 . 

Then, for each (t, z) £ [0, 1] x R d , 

(5.7) dist 2 fa 1 / 2 z + io- 1 / 2 6 t , a Vac' > ) < 2 \a 1 / 2 z\ 2 + 2 f -la" 1 / 2 ^ + k) , 



c 

from which we deduce 



\F t (u,z,a)\ < (W%^±% 2 ) + (I +C )| VV. 
That is to say (A3') is satisfied. 

For each (t, z 1 ^ 2 ) £ [0, 1] x R d x M d and a £ that satisfies a < a < a, 
F t {u,z l ,a) - F t (uj,z 2 ,a) = | ^ dist 2 (a 1 ' 2 ?. 1 + ^a~ 1/2 6 t , a 1/2 C^j 

- dist 2 f a^z 2 + -a- l ' 2 b u a'/'c) ) - (z 1 - z 2 )^ 



By the Lipschitz property of the distance function with respect to a closed set, we 
obtain the following inequality: 

\F t ^,z\a) - F 4 ( W ,z 2 ,a)| < ^((2^+ \k\ + |a V V| + \a^ 2 z 2 \) ^(z 1 - z 2 )|, 
from which (A5') is satisfied. 

Step 2: We define, for each tt £ A, 

(5.8) iq = - exp(-c(X? - Y t )), < t < 1, 

where Y is the solution to 2BSDE (|5.4p . Then, we decompose i?" into a product of two 
processes, i.e., K* = M W A V , where for each F £ Vh, 

M? := e - c(x - Y ^ exp ^ - J c(ir s - Z s )dB s 
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and 



Afi^-exp^-^ (c7r]*b s + cF s {Z s )-~(?\al/ 2 (v s -Z s )Ads\ 0<t<l,¥-a.t 



We rewrite A" into the following form, 



exp 



d] /2 Z s + ~a- 1/2 b s 

- cZj*b s - i|a s - 1/2 M 2 - cF^Z^ds) . 

It is readily to observe that if tt = tt* that satisfies (15.61) , then 

Af = -1, < t < 1, P- a.s.. 

Moreover, Lemma 11 in Hu et al. [S] says that one can define such a tt* that is J-- 
progressively measurable if Z is J-"-progressively measurable. 

In the previous section, we have already proved that Z G ^bmo(t> )' ^° snow ^ na ^ 
tt* — Z £ ^bmocPhY it suffices to verify that tt* is also in H 2 ^ ^ Applying 

1/2 ______ 

triangle inequality to \a t 7r* | and recalling (|5.7[) . we have, for each £ G [0, 1], 



,.1/2 *, 



~ 1/2 ry 

a, Z t + -a t b t 



1 



-1/2, 



a^ 2 ^ + -a t w *b t 



1 



-1/2, 



(5.9) 



< \a t ,2 Z t \ + -\a7 1/2 b t \ +dist 

c 

< 2|a t 1/2 Z t | + -K + 2K, V H ~q.s., 



( l/V i 1--1/2, -l/2/=A 

U t Z t + -a t 6(,a ' CI 



which implies that 7r* is an clement in M 2 „ r „,~ ,. 

1 BMO(V H ) 

As 7r* G ^ BMO ,f, y f° r eacn IP £ 7>H> a 1 / 2 ^* is a _BMO (P)-martingale generator. By 
Remark 8 in Hu et al. [9], {exp — cX^} Te7 -i is a P- uniformly integrable family and it is 
easy to verify that K r [J^ \a\ ,2 TTl\ 2 di\ < +oo. Thus, tt* G A 

Step 3: We now prove that for each P G Vh, 
(5.10) osMtp Hi, I/," = -W," . u ••. / ••. i. !.- •- «.*.. 



so that 
(5.11) 



esssup r Ef [Mf ] = , < t < 1, 
P'ePff (t,P) 



essinf Ef [i_f ] = Rf , < i < 1, P - 



Since — c(tt* — Z) is a BMO (Vh )-martingale generator, under each P' G Pf_-(i,P), 
£ (— c /q(7t ( * — Z t )dB t ) is an exponential martingale, and M" can be regard as a product 
of a martingale and a positive non-increasing process. Thus, it is easy to show that for 
each P G Vh, 



(5.12) 



esssup p Ef [Ml ] < , < t < 1, P - a.s.. 
P'ePff (t,P) 
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To get the desired result, it suffices to prove the reverse inequality. Noticing that Mf 



and Mf are both positive, we can consider the ratio • We calculate for each 

t £ [0, f] and P' € P H (t,f ), 

«»' / r 1 

±r = exp ( - J c(tt* s - Z s )dB s 



Mr 



Mf 



Changing measure by 



we have 



Ef 



Mf 
Mf 



J\aT{**-Z a )\Hs-c{KX -Kf) 

cjy s -z s )a\i*dwry 

E?'[eM-c(K? -<))], P'-a. 



a.s. 



By Jensen's inequality and the convexity of exp(— cx), we obtain 



esssup p E P 



Mf 



esssup p E« [exp(-c(iff - iff))] 

?"e*P«(t,P) 

> ess sup p exp(-cEf [<-<']) 

P'e , P f f(t,P) 

>exp(-c essinf Ef [K? - K? ]). 

Similar to (|3.9[) . we know, for some p, g > 1 that satisfy 1/p + 1/q = 1, 

essinf p Ef [< - <] < C&<#* essinf Ef' [Jff - <] = 0, 

where Crh is the constant in Lemma l2.6l and C?2 P — i is from Q3.4p . The inequality above 
implies that 

(5.13) 



esssup p E P ' 



Mf 
Mf 



> 1. 



P'ePff (t,P) 

Then, ([BTTUj) comes after (j5~T2l and (15TT5)) . 

Step 4: Under each P € the canonical process B is a P-martingale and F t (z) is in 
fact (2.6) in Morlais [TB]. Thus, the value function of the reduced utility maximization 
problem is given by 

V T (x) = -eM-c(x-Y^)), 

where F P is defined by the unique solution (Y F , Z v ) 6 D°°(P) x H 2 (P) of the following 
BSDE: 



(5.14) 

By Theorem 3.2, we have 



Yf = £ + J F s (Z s )ds - J Z s dB Sl < * < 1, P - a. 



s.. 



y = sup r r 

PePff 
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From ([BTTTj) and ([5715)1 . it holds true that 

inf E v [-exp(-c(XP - £))] = inf E p [i?f ] = iijf 

= — exp(— c(x — Yb)) = inf — exp(— c(x — Yq)), 

VeVh 

which implies that tt* is the optimal strategy. We complete the proof. □ 

Remark 5.6. In fact, we adopt a weaker assumption on the admissible strategy than 
the one in Theorem 4.1 in Matoussi et al. [15] . We only assume that ir is an admissible 
strategy defined by Hu et al. [5] and Morlais |16j under each P S Vh> i.e., 

a= n ^> 

rev H 

while Matoussi et al. \T5\ assumed that ir <E W 2 n „ r ^,~ .. Under this stronger assumption, 

HMU\Ph) 

all satisfies the minimal condition &5.11]) and they verified that n* is optimal only 
A* < A* = — 1, for all it is admissible. In our present paper, we justify that?:* is optimal 
for this larger set of admissible strategies by a min-max property as we showed in Step 
4, which is regardless of whether the admissible strategy other than the optimal one is an 
BMO{pH)-martingale generator. Although we have still proved that it* £ ^ BM0 ^p y 
this result is more general. 

5.3. Robust power utility maximization. In this subsection, we redo the problem 
(|5.ip with a power utility function: 

U(x) := -x 1 , 7 < 1, i£l. 

7 

In this d-dimensional ^-progressively measuable process {pt}o<t<i denotes the 

trading strategy, whose component p\ describes the proportion of money invested in 
stock i at time t, < t < 1, i = 1, 2, . . . , d, then, for a given trading strategy p, the 
wealth process X p can be written as 

(5.15) X? = x + Y] [ ^ir d Sl =x + [ XP Ps (dB s + b s ds), < t < 1, V H - q.s., 

i=l JO s J® 

where the initial capital x is positive. One can find an X p defined by 
X p t :=x£yj p s (dB s +b s ds)^j , < t < 1, 

which is the unique solution of (]5 . 15[> under each P e Vh- 

Definition 5.7. Let C be a closed set in W 1 . The set of admissible trading strategies A 
consists of all d-dimensional progressively measurable processes p = {pt}o<t<i that take 
values in C, AO Vn-q.s. and for each P £ Vh, Jq \<h^ Pt^dt < +oo, P-a.s.. 

For each P € Vh, w e define a probability measure Q -C P by 

= e(- fb^dwf 
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then, by the definition above, for each p 6 A, X p is a Q- local martingale bounded from 
below. Thus, X p is a Q-supermartingale. Since Q < P, the strategy p is free of arbitrage 
under P. 

We suppose that the investor has no liability, i.e., £ = 0, then the maximization problem 
is equivalent to 



7 J p s (dB s +b s ds) J lal^ps^ds^J 



(5.16) V(x) := -a; 7 sup inf E p cxp 

Similar to that in the last subsection, we have the following theorem: 

Theorem 5.8. The value function of the utility maximization problem H5.16}) is given 
by 

V(x) = -x~>exp(Yo), 

1 

where Yq is defined by the unique solution (Y, Z) G ED|^ x H 2 ^ of the following 2BSDE: 

(5.17) Y t = + J F s {Z s )ds - J Z s dB s + K x - K t , < t < 1, V H - q.s., 

where for each (w, t, z, a) G fl x [0, 1] x R d x E>^° , 
(5.18) 

F t (u,z,a) :=- 7(1 ~ 7) dist 2 (^—(a 1 '^. + a^btfu)), a\ /2 C 

7 k 1/2 ^ + «- 1/2 ^M| 2 1, 1/2 ,2 

2(1-7) r zl ' 

Moreover, there exists an optimal trading strategy p* E A with 

(5.19) a t 1/2 p*(w) en.y.^^ + ^'^H)), 0<t<l, V H -q.s., 

where Ha(t) denotes the collection of the elements in the closed set A that realize the 
minimal distance to the point r. 

Sketch of the proof: Following similar procedures in the proof of Theorem 15.41 we 
verify that the generator F in 2BSDE (j5TT)) satisfies (Al)-(A2), (A3') and (A5') and 
define a family of processes {R p } pe ^ by 

R p t := ^ exp (j Ps (dB s + b s ds)-^ J \dl /2 p s \ 2 ds + Y<\ , < t < 1, 

such that for each P G Ph, 

• Rq is a constant indepent of p: 

• RP = i(Af) 7 , for each p G A. 

Then, we rewrite R p under each P G Vr as follows: 
R p t = ix 7 exp(Y Q )£^J^ ( 1Ps + Z s )dB s ^j e~ K " exp ^ v s ds^J , < t < 1, P - a.s., 
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where 



7(1-7) 
v t '■— 



.1/2 1 /-1/2 ry , --1/2, \ 

V Pt - 1 K Z t + a t b t ) 



1-7 



l/2 7 1 ft~l/2fc |2 

" a^l 2 - F t (z t ). 



i.l/2„ . .-1/2, |9 1 



2(1-7) 2 

Similar to (15 . . wc could find an optimal strategy p* such that for each P £ Vh, 

vf ee 0, < t < 1, P - a.s. 

and thus, 

(5.20) essinf p Ef [R( } = r( , < t < 1, P - a.s.. 

F'e"Pff(t,r) 

The desired result comes after (|5.20l) and the min-max property. □ 

Remark 5.9. In Matoussi et al. |15] . on??/ i/ie case that 7 < was considered. According 
to their assumption that C contains 0, we calculate 

* 2(1 -7) 1 * 1 ' 

where — 2 (i_ 7 ) * s dominated by | w/ien 7 < and so £/ia£ they can give a uniform 
assumption on b, which is regardless of 7, to make sure that F° is small enough. 

5.4. Some remarks on the class of probability measures and the assumptions. 

We have already seen that the 2BSDEs (|5.4p and (|5.17[) are discussed under some new 
settings, where Vh was changed into Vh] (A3) and (A5) were changed into (A3') and 
(A5'). In what follows, we would like to discuss more about these conditions and class 
and probability measures. 

Since these weakened conditions shall be related to some given series of probability 
measure classes {V H } t £[o,i\ of probability measures, we first give the following definition: 

Definition 5.10. We say a series of probability measure classes {V H } t ^[o,i\ * s consistent 
if the following points are satisfied (we note V H = Vh-)' 

• For each P £ Vh, for P-a.e. u) £ D, and each t £ , P T ^ £ V H (ul) ; 

• For each r £ 7qS A £ T T , P £ V H and P T £ V H , P ®^ P T £ Vh, where for each 
Ecfl, 

P®^ W{E) ■=¥F[¥F T [{l E ) T ' UJ ]l A ]+¥{Er\A c ). 



In the 2BSDE framework, the series of classes defined by Definition 12.11 is consistent, 
since the first point is guaranteed by Lemma 4.1 in Soner et al. [53] and the second 
one is in fact the reduced version (n = 1) of the statement (4.19) in Soner et al. [24] . 
These two properties play an important role in our proof of the dynamic programming 
principle (cf. Proposition ^. 3p . 

In what follows, we verify that the series of classes defined by Definition [5J] is consistent. 



-/ 



In this case, V H consists of all those P £ V g such that 

' a.e. 



a < at < a and o*. 6 Dp., A x P* 
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for some a, a G § a and each (y, z) G M x M. d . Since 'Pjj C Vs, by Lemma 4.1 in Soner 
et al. [H], for a given PeP fl and P-a.e. w G 0, P r ^ G and 

a < a[ M (w) = al' w (Q) = a t (w ® T ui) < a, Ax P T ' W - a.e.. 



On the other hand, the proof of statement (4.19) in Soner et al. [53] showed that 
P (g>^ P T G P s . Defining P := P ®^ P T , it suffices to verify that 



(5.21) a < a t < a, Ax P-a.e.. 
We calculate 

E f [l Vatmm ]dt = / (E p [E^[(l {at ^ M} )^]l^] + E p [l {{£lt ^ ]}nA . } })dt, 
o Jo 

where 

f E* T [l {ar ^,a ]} (w)]=0 , w64,t>T(u); 

E PT [(l{a^[a : a]}) T, "]lAH = < l {a ^[a,a]}H , W G 4, t < t(w) 5 

[ , otherwise. 

Thus, 

/ E^l^^a]}]* < / E P [l {a ^ [ft ,a]}]^ = 0, 

Jo Jo 
which implies (|5.2ip . 

Remark 5.11. Suppose that a consistent series of probability measure classes {oj}t£[o,l] C 
Ps is given (not limited to the form defined by Definition \2.1\ and \5.1\) . then (A3) can 
be even weakened to the following form, which is similar to (HI) in Morlais |16j for 
quadratic BSDEs: 

(A3") F is continuous in (y, z) and has a quadratic growth in z, i.e., for each (oj, t, y, z, a) G 
Q, x [0, 1] x E x R d x D Ft , 

(5.22) \F t (u,y,z,a)\ < a t (a) + p t {a)\y\ + ^\a 1 ' 2 z\\ 



where 7 is a strictly positive constant and a, j3 satisfy that 

• For each a G , ct(a), /3(a) are nonnegative J- -progressive measurable processes; 
For some a, j3 which are strictly positive constants, 

f 1 

ctt(at)dt < a and / (3 t (a t )dt < /3, Vh — Q-s.; 
Jo 

For each (w, t) G Q x (0, 1] and P* G V%, 

afc u (& t a )da < a and J fc u (a\)da < 0, P* - a.s., 
where a, /3 are the same as above. 
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We recall {4-1 Sty that for each (uj,i) £ f2 x [0,1], Vt(ui) concerns the solutions of the 
(t,uj) -shifted quadratic BSDEs under all P £ V H . Therefore, for each t £ [0,1], at 
least Vh-o.s. uj £ ft, (t,u>) shifted generator should satisfy (HI) in Morlais |16) (or 
similar conditions for quadratic BSDEs ) under each P* £ V H to ensure the existence of 
these solutions. We notice that the orignal condition (A3) is posed pathwisely, that is, 
it holds for all (uj,t) £ ft x [0, 1], whereas (A3") also involves pathwise settings for each 
(u),t) £ ft x [0,1]. Therefore, fr4-12ty can be well defined under these two conditions. 

A natural question arises: if 12. 2\) and i5.22\) can be written in a Vh-o.s. version; if the 
third point of (A3") can be removed? 

We consider the first question: suppose that for all (t, y, z, a) 6 [0, 1] X R X M d , 
\F t (y,z)\<a + P\y\ + l\al /2 z\ 2 , V„ - q.s.. 

Fixing an P* £ V H , we can choose an arbitrage P £ Vh ond construct a concatenation 
probability P := P ®p P*. Since {^} t6[ o,i] is consistent, P £ V H , P|^ t = P|^ t and for 
eachuj £ ft, P 4 -" = P*. Thus, we have for f -a.s, u £ ft and all (s,y,z,a) £ [t, l]xIRxIR d , 
(5.23) 

\F^(y,z)\ = \F,(u ® t Q,y,z,a s (u ® t w)) 

<a + [3\y\ + Jaj/ a (w g>, Cj)z\ 2 = a + /%[ + ^(a*) 1 / 2 ^ 2 , P* - a.s.. 

Since P is arbitrage, we can deduce that for Vh~1-s. to £ ft, 15.23]) is satisfied. In other 
words, defining for each P* £ V H a set: 

E rt := {uj : F*' u (y,z) satisfies (Q3)) , P* - a.s.}, 

we have ¥(E P ) = 1 for all P £ Vh- At the end of the day, we still have no idea 
about P(n P i e -pt E p ), since it is a probability of an intersection of non-countable sets. 
Therefore, the answer to the first question is negative. 

For the same reason, the answer to the second question is negative either, unless we could 
find an a such that for each a £ S^ -0 , a t:UJ (a) is independent of ' u> , i.e., a*'" (a) = a* (a). 
In such case, if we only assume the second point and define 

E rt := jcj : J al' u (al)ds < a, P* - a.s. J, 

then E v = ft for all P* £ Vjj, which implies the third point in (A3"). As we have shown 
in (A3'), a special case of such a is that for each a £ S^ -0 , a. (a) is a deterministic 
function in t. 

Remark 5.12. Corresponding to (v) of Assumption 2.2 in Possamai and Zhou [18] . 
(A5) can be weakened to the following form: 

(A5") F is local Lipschitz in z, i.e., for each (cj,t,y,z,z',a) £ ft x [0, 1] x R x R d x 
R d x D Ft , 

\F t (Lo,y,z,a)~F t (Lo,y,z',a)\ < C(\a^ 2 Ma)\ + \a 1 ' 2 z\ + \a}' 2 z'\)\a l '\z - z% 
where C is a strictly positive constant and (f> satisfies that 
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• For each a G S^ , 4>{a) is an J- -progressively measurable process; 

• (j>(a) is a BMO(Vh) -martingale generator; 

• For each (w,i) 6 fl X (0, 1], <p t,ul (a t ) is a BMO{¥ r )-martingale generator under each 

P f e Vlr. 



Based on the argument in remark \5.11[ only having that <j) is a BMO{V}i)-martingale 
generator, we have no idea weather for some (u,t) e 57 x [0,1], <j) t,u is a BMO(P t )- 
martingale generator under all P* G V\j, unless for each a G S^" , 4>(a) is independent 
ofuj. Thus, the third point in (A5") is necessary. We would like to point out that (v) in 
Assumption 2.2 in Possamai and Zhou [18] is ambiguous, which may cause some slight 
problems for their setting of Vt{oS) and for the proof of Lemma 5.1 in that paper. 

Taking the 2BSDE (|5.4[) as an example, we explain these settings ((A3') and (A5') are 
special cases of (A3") and (A5"), respectively). We observe that the generator ([57 
satisfies the quadratic condition (A3" ) for 

a* (a) := 2cinf{|r| 2 : r e a 1/2 C} + ^-^(a^M 2 , a £ §>°, 



2c 



in which a(a) is a deterministic function. In general, inf{|r| : r G a 1 ' 2 C} and \a- 1 l 2 b\ 2 



could be unbounded, so that (A3) is no longer satisfied. If we choose a = 2cK" + ^rK_ 2 , 
then (A3") is satisfied. 

Similarly, the generator (15.5[) satisfies no longer and (A5). We define 

Ma) ■= 2inf{|r| : r G a 1/2 (7} + -^{a- 1 )) 1 ' 2 M, a G §^°, 

which is bounded by 2K + \ K_ when a is replaced by a (or a', respectively), Vh (or Vjf, 
respectively)-q.s.. By Definition 15.11 we know that a constant process is a BMO(Vh) 
(or BMO(T >t H ), respectively)-martingale generator. Then, (A5") is satisfied. 

The wellposedness of 2BSDEs will not alter under (A3") and (A5"). First, the statement 
(|3.ip remains true if we change a little of its expression: 



El 



I -1/2 ry |2 
W Z t \ 



< 



e 4 ^'^ (l + 2 7 (a + /3\\Y\\n-)), 



V 

which yields that Z is a BMO (Pif )-martingale generator if Y G D^. Lemma T2.6I and 
12.71 ensure that the constants that we need for the proof of the representation theorem 
and the last step of the proof to the existence are uniform in P. For the existence result, 
we have already explained that Vt(u) in (|4.12[) is well defined and all the properties 
still hold since (A3" ) and (A5" ) provide existence and uniqueness results as well as the 
estimates of solutions to quadratic BSDEs with the parameters ^ t ' u j p t ' u ') under each 



it g <pt 



Remark 5.13. If we assume in addition that G C, then K — inf { |r| : r G a 1 / 2 ^} = 0. 
so that the upper bound of a is not necessary. Both Theorem \5.4\ and \5.8\ can hold true 
under a larger class of probability measures Vh- 
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Definition 5.14. We denote by Vh the collection which consists of all those P G P$ 
such that 

a p < a t < gF, tr(a^~ 1 ) < at, and a t G Dp t , A x P — a.e., 
for some a p , gF G §2*°, a strictly positive a G i 1 ([0, 1]) and each (y, z) G K x M. d . 

Correspondingly, we denote by Vjj the collection of all those P* G P5 such that 

a pt < a* < g p \ tr((a*) _1 ) < a s and a* € Dp,, A X P* - a.e., 

/or some a' , gF G S^ -0 , ifte same a as above and each (y,z) £lx K d . 

FFe can verify that this series {"Pjj}te[0,i\ defined by Definition \5. 14\ is consistent and 
they ensure that i5. 5\) and \5.18\) satisfy (A3") and (A5"), respectively. 

However, if we consider the same problems under an even larger class of probability 
measures Vh ■' 

Definition 5.15. We denote by Vh the collection which consists of all P G Ps such 
that i 

'of < a t < gF, / tr(a t ~ 1 )dt < a and a t G Dp t , A x P — a.e., 
Jo 

for some a p , gF G Sjj -0 , some strictly positive constant a and each (y, z) G K x M. d . 

then the wellposedness of |5.^| i and {5.17^ will no longer hold true, since one is difficult 
to find a series of class {7^/}te[o,i] consistent with Vh defined by Definition \5.15\ In 
another word, once V H contains all the r.p.c.d. V t,u} of P G Vh- the second point in 
Definition \5.10\ could not hold true. 
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